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Abstract 

o : 

\ In this paper we investigate the problem of the existence of invariant measures 

^ \ on the local gauge group. We prove that it is impossible to define a finite 

Q ■ translationally invariant measure on the local gauge group C°° (R" , G) (where 

■ G is an arbitrary matrix Lie group). 

y—i, , Functional integral over the local gauge group is a commonly employed technique in the 

\ study of gauge field theories. Its earliest appearance in the literature is Faddeev and Popov's 
^ \ paper in 1967 [0], which investigated the quantization of non-Abelian gauge fields. In 

• this technique was used to construct a projection operator which implements the Gauss law, 
and in it was used to construct a gauge invariant ground state wave-functional. In all 
these applications a key point is the assumption that we can define a translationally invariant 

^ i measure on the local gauge group. It is known that on locally compact groups this is possible 
^1 10]. On non- locally-compact groups we cannot guarantee such a measure exists. In the case 

^ ■ of vector spaces a standard result P says that an invariant measure exists only when the 

• vector space is finite dimensional, in which case it is locally compact. The local gauge 
^ . group is infinite dimensional and not locally compact. Since functional integral over the 
D ! local gauge group is an important technique the existence of an invariant measure deserves 

\ a careful study. In ||^ it is proved that on the local gauge group C°°(R",G) there exists 
' finite translationally invariant Borel measure(Haar measure). In this paper we study the 

^ ■ case of the local gauge group C°°(R"',G') (where G is an arbitary matrix Lie group) and 
prove that it is impossible to define a finite translationally invariant Borel measure on it 
(provided that it is endowed with a suitable topology). 

The local gauge group Gq = C°°(R", G) is the group of all smooth mappings from R" to 
G. For a generic element uj{x^ ^ ■ ■ -x") of Go, the quantity cj~^(0)(9ia;(0)(here by diuifi) we 
certainly mean -^uj{x)\x=q) belongs to the Lie algebra g of G. For ^ = YJlLi Ui^i ^ (y'(where 
LSI smj " ^^^.^ ^^..^.^ J ^ and consider the following bounded 

continuous function of lo (in some suitable topology of the group Go): 



= f(u,-\o)dMO)) (1) 
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In the following we shall prove that it is impossible to define a finite (left or right) 
translationally invariant measure on Gq by using the method of reduction to absurdity. 
Suppose we have defined a measure D^{uj) which is right translationally invariant. Then we 
have the following equality: 

[ Dij{uj)F[u]= [ Dii{u)F[ujuo\,\/uJo e Go (2) 

JGo JGo 

From Eq(l) we have 

Ja^ Df,{uj)fiLu-\0)dMO)) 

= f f{uQ\0)uj-\0)dicoiO)uJoiO)+ujQ\0)dicoom,yuJoeGo (3) 

JGo 

In Eq(3) we set uo{x^, ■ ■ ■ x"^) = e^^\ where ^ is an arbitrary element of the Lie algebra g 
and get 

/ D^I{uJ)f{uJ"\0)^^uJ{0))= f D^I{uJ)f{uJ~\0)^^uJ{0)+O,^Ceg (4) 

J Go J Go 

Let us consider the continuous function f{u^^{0)diLj{0) + ^) defined on Gq x g and observe 
that (dm(0 = du^ ■ ■ ■ du^ is the Lebesgue measure on g) 

D^H / dm{i)\f{u-\Q)dM^)+0\ = I Dfiicu) [ dm(0/(^-^(0)9ia;(0) +0 
Go Jg J Go J g 



Co Jg 
= vr^/VlGo) (5) 

where we have used the translational invariance of the Lebesgue measure dm{^). According 
to Fubini theorem another iterated integral also exists and is equal to the integral in Eq(5): 

/ dmiO I DfiiLu)fiuj-\0)dMO) + = vr^/VlGo) (6) 

J g J Go 

However, according to Eq(4), which expresses the right translational invariace of Dfi{uj), we 
ought to have 

/ dm{0 I dfi{u)f{u-\0)dMO) + = +00 (7) 

Jg JGo 

(we have Jq^ Dfj,{uj)f{uj~^{0)diU!{0)) > 0). Thus we get a contradiction, which shows that a 
finite right translationally invariant measure cannot be defined on Gq. By considering the 
function f{uj{0)diu~^{0)) we can similarly show that a finite left translationally invariant 
measure cannot be defined on Go either. 

The result proved above does not put essential constraints to the Faddeev-Popov for- 
malism. It only requires that the volume of the local gauge group not be finite, which 
is a commonly-taken understanding. It also does not affect the construction of the gauge 
invariant ground state wave-functional described in [Q]. However the construction of the 
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projection operator for the Gauss law described in does have difficulties. In this reference 
the invariant measure is formally taken to be D^{uo) = d^{uj{x)) where d^{ijj{x)) is the 
usual invariant measure of group G attached to the point x normalized to be / dfi{u{x)) = 1. 
However, the formal product of the measure d^{u{x)) over the whole space R" is not a mea- 
sure in the strict mathematical sense, and a finite invariant measure does not exist on the 
local gauge group. 
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